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In this article, a classiﬁcation of semiregular relative difference sets in non-abelian
2-groups containing a cyclic subgroup of index 2 is given. # 2002 Elsevier Science (USA)1. INTRODUCTION
An ðm; u; k; lÞ relative difference set (RDS) in a group G relative to a
subgroup U of order u and index m is a k-element subset R of G such that
every element of g 2 G=U has exactly l representations g ¼ r1r12 with r1;
r2 2 R and no identity element of U has such a representation. The
subgroup U is often called the forbidden subgroup. If k ¼ ul; then the RDS
is called semiregular and its parameters are ðul; u; ul; lÞ:
If an abelian p-group contains a semiregular RDS, then its exponent is
relatively low (see [3, 8, 9, 11, 12]). However, this is not true for non-abelian
p-groups. For each integer n53; the generalized quaternion group Q2n of
order 2n and exponent 2n1 has a ð2n1; 2; 2n1; 2n2Þ RDS and for an odd
prime p; the modular p-group M3ðpÞ of order p3 and exponent p2 has a
ðp2; p; p2; pÞ RDS (see [5]).
In [5] semiregular RDSs in non-abelian 2-groups of maximal exponent
with the condition that the forbidden subgroup is normal (see Result 2.3 in
Section 2) were studied. The conclusion was that there are no semiregular
RDSs in the groups except when G ¼ Q2n or M4ð2Þ: In the present article,
the condition on normality of the forbidden subgroup is removed and the
following is shown:
Theorem 1.1. Let G be a non-abelian 2-group of order 2nþ1 containing a
cyclic subgroup of index 2. If G has a semiregular RDS R relative to a
subgroup U; then one of the following occurs:358
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SEMIREGULAR RELATIVE DIFFERENCE SETS 359(i) n ¼ 2; G ¼ hx; y j x4 ¼ y2 ¼ 1; y1xy ¼ x1i ð’ D8Þ; R 
f1; x; x2; xyg relative to hyi ð’ Z2Þ;
(ii) n52; G ¼ hx; y j x2n1 ¼ y2; y4 ¼ 1; y1xy ¼ x1i ð’
Q2nþ1Þ and U ¼ hx2n1i ð’ Z2Þ;
(iii) n ¼ 3; G ¼ hx; y j x4 ¼ y2; y4 ¼ 1; y1xy ¼ x1i ð’ Q16Þ;
R  f1; x2y; x3y; x5yg relative to hyi ð’ Z4Þ;
(iv) n ¼ 3; G ¼ hx; y j x8 ¼ y2 ¼ 1; y1xy ¼ x5i ð’M4ð2ÞÞ; R 
f1; x2y; x3y; x5yg relative to hx4; yi ð’ Z4Þ;
(v) n ¼ 4; G ¼ hx; y j x16 ¼ y2 ¼ 1; y1xy ¼ x9i ð’ SD25Þ; R  R1;
R2;R3 or R4 in Lemma 4.10 relative to hyi ð’ Z2Þ; or
(vi) n ¼ 4; G ¼ hx; y j x16 ¼ y2 ¼ 1; y1xy ¼ x9i ð’M5ð2ÞÞ; R  R01;
R02;R
0
3 or R
0
4 in Lemma 4.12 relative to hyi ð’ Z2Þ:
We note that the forbidden subgroup U is not normal in (i), (iii), (v) and
(vi). The process of checking these cases involves a computer search. We
also note that case (i) was given in [1].
2. PRELIMINARIES
In this article, only the semiregular RDSs R in non-abelian 2-groups G are
considered. In this case, R is a complete set of coset representatives of G=U:
If u ¼ 1; then R ¼ G and R is called a trivial semiregular RDS. Throughout
non-trivial semiregular RDSs are considered.
Let Ri be an RDS in G relative to a subgroup Ui of G for i 2 f1; 2g: R1
and R2 are called equivalent, denoted by R1  R2; if and only if there exist
an automorphism s of G and an element g of G such that R1 ¼ sðR2Þg and
U1 ¼ sðU2Þ:
For a subset X of G; we set X1 ¼ fx1 j x 2 Xg: Throughout this article,
we identify a subset X of G with a group ring element #X ¼Px2X x 2 C½G:
The minimal integer m such that xm ¼ 1 for any element x of G is called the
exponent of G; denoted by expðGÞ:
Some semiregular RDSs appearing in the next section correspond to
ð4m2; 2m2 m;m2 mÞ-difference sets. Difference sets with these para-
meters are called Hadamard difference sets. We need the following results.
Result 2.1 (Turyn [13]). Let G be an abelian group of order 22aþ2: If G
has a ð22aþ2; 22aþ1  2a; 22a  2aÞ-difference set, then expðGÞ42aþ2:
Result 2.2 (Leung and Ma [7]). Let G be a group of order 22aþ2: Suppose
G has a normal subgroup U of order 2b where b5a: Then no
YUTAKA HIRAMINE360ð22aþ2; 22aþ1  2a; 22a  2aÞ-difference set exists in G if G=U is cyclic or
dihedral.
Semiregular RDSs in non-abelian p-groups containing a cyclic subgroup
of index p were studied in [5]. When p ¼ 2; the result is as follows:
Result 2.3 (Elvira and Hiramine [5]). Let G be a non-abelian 2-group
with a cyclic subgroup of index 2. If G contains a non-trivial semiregular
RDS R relative to a normal subgroup U; then either (i) G ¼ Q2n and U ’ Z2
or (ii) G ¼M4ð2Þ ð¼ fx; y j x8 ¼ y2 ¼ 1; yxy ¼ x5gÞ and U ¼ fx4; yg
ð’ Z2  Z2Þ: If (ii) occurs, then R is equivalent to f1; x; x3; x2yg:
The following fundamental result on characters is used frequently in this
paper without reference.
Result 2.4 (Pott’s book [10]). Let G be an abelian group and A 2 C½G: If
wðAÞ ¼ 0 for any non-principal character w of G: Then A ¼ kG for some
k 2 C:
3. RDSs IN D2n OR Q2n
Let G be a non-abelian 2-group of order 2n having a cyclic subgroup of
index 2. Then G is isomorphic to D2n ;Q2n ;SD2n or Mnð2Þ (see [6, Theorem
5.4.4]). In this section, we assume G is isomorphic to D2n or Q2n and contains
a semiregular RDS, say R; relative to a subgroup U of G:
Case. Dihedral groups D2nþ1 :
Lemma 3.1. Let X be a dihedral group of order 4s with generators x; y
such that x2s ¼ y2 ¼ 1; yxy ¼ x1: Let A and B be subsets of hxi and set
R ¼ Aþ By: Then R is a ð2s; 2; 2s; sÞ-RDS in X relative to hyi if and only if
hxi ¼ A [ B1 and A is an Hadamard difference set in hxi:
Proof. Suppose R is a ð2s; 2; 2s; sÞ-RDS in X relative to hyi: Then RR1
¼ ðAA1 þ BB1Þ þ 2ABy ¼ 2sþ sðhxi  1Þ þ sðhxi  1Þy: Hence
AA1 þ BB1 ¼ 2sþ sðhxi  1Þ; ð1Þ
AB ¼ s
2
þ s
2
hxi: ð2Þ
Set a ¼ jAj and b ¼ jBj: Then, by (1) and (2) we have aþ b ¼ 2s and
ab ¼ s2  1
2
s and so s is even and fa; bg ¼ fs ﬃﬃs
2
p g: Set m ¼ ﬃﬃs
2
p
: Then
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fa; bg ¼ f2m2 mg: ð3Þ
This gives hxi ¼ A [ B1 as A \ B1 ¼ f by (2).
Let w be a non-principal character of hxi and set a ¼ wðAÞ and b ¼ wðBÞ:
By (1) and (2), a%aþ b %b ¼ 2m2 and ab ¼ m2: Hence, jaj ¼ jbj ¼ m: It
follows that wðAA1 m2Þ ¼ wðBB1 m2Þ ¼ 0 for any w 2 ðhxiÞn: Apply-
ing Result 2.4 and (3), we have fAA1 m2;BB1 m2g ¼ fðm2 mÞhxig:
Thus the ‘‘only if ’’ part holds.
Conversely, assume that hxi ¼ A [ B1 and A is an Hadamard difference
set in hxi: Then jAj ¼ 2m2 þ em; jBj ¼ 2m2  em for some e 2 f1g and we
can show that AA1 ¼ m2 þ ðm2 þ emÞhxi; BB1 ¼ m2 þ ðm2  emÞhxi:
Moreover, AB ¼ Aðhxi  A1Þ ¼ ð2m2 þ emÞhxi  ðm2 þ ðm2 þ emÞhxiÞ ¼
m2ðhxi  1Þ: From this we have RR1 ¼ ðAA1 þ BB1Þ þ 2ABy ¼ 2m2 þ
2m2hxi þ 2m2ðhxi  1Þy ¼ 4m2 þ 2m2ðX  hyiÞ: Thus the lemma holds. ]
The above lemma tells us that the conjecture on cyclic Hadamard
difference sets is equivalent to the following: ‘‘There is no ð2n; 2; 2n; nÞ RDS
in the dihedral group of order 4n when n > 1:’’
Lemma 3.2. Let G be a dihedral group of order 2nþ1 with generators x; y
such that x2
n ¼ y2 ¼ 1; yxy ¼ x1: Let R be a semiregular RDS in G relative
to a subgroup U of G: Then n ¼ 2 and R is equivalent to the RDS f1; x; x2;xyg
relative to hyi:
Proof. Let R be a ð2nt; 2tþ1; 2nt; 2n2t1Þ-RDS in G relative to U; where
jUj ¼ 2tþ1 n52tþ 1: By Result 2.3, UDG: Hence, we may assume that
U ¼ hx2nt ; yi ’ D2tþ1 : Set %G ¼ G=hx2nti: Then %R is a ð2nt; 2; 2nt; 2nt1Þ-
RDS in %G relative to %U ’ Z2: By Lemma 3.1, Z2nt contains an Hadamard
difference set and by Lemma 2.1, we have n t ¼ 2: Since n 2t 150; we
have ðn; tÞ ¼ ð2; 0Þ or ð3; 1Þ:
Assume ðn; tÞ ¼ ð3; 1Þ: Then R is a ð4; 4; 4; 1Þ-RDS. Hence the forbidden
subgroup U contains all involutions of G: This forces U ¼ G; a contra-
diction. Therefore ðn; tÞ ¼ ð2; 0Þ and R is a ð4; 2; 4; 2Þ-RDS in G ¼ hx; yi ’
D8 relative to U ¼ hyi ’ Z2: We note that jxihyi \ Rj ¼ 1 for any i 2
f0; 1; 2; 3g: As ðG=UÞ \ hxi ¼ fx; x2; x3g; r1r12 with r1; r2 2 R represents
each element of fx; x2; x3g twice. It follows that fjR \ hxij; jR \ hxiyjg ¼
f1; 3g: As Ry is also a ð4; 2; 4; 2Þ-RDS, we may assume that jR \ hxij ¼ 3
and jR \ hxiyj ¼ 1: Hence we may assume that 1; x 2 R: Thus we have
R ¼ f1; x; x2; xyg or f1; x; x3; x2yg: As f1; x; x3;x2yg ¼ f1; x; x2; xygx3; the
lemma holds. ]
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Lemma 3.3. Let G ¼ hx; y j x2n1 ¼ y2; y4 ¼ 1; y1xy ¼ x1i be a general-
ized quaternion group of order 2nþ1: Let R be a semiregular RDS in G relative
to a subgroup U of order 2u > 2: Then n ¼ 3 and R is equivalent to the RDS
f1; x; x6; xyg relative to hyi ð’ Z4Þ:
Proof. Set %G ¼ G=hx2n1i: Then %R is a semiregular RDS in %G ’ D2n
relative to a subgroup %U of order 2u1 with u > 1: By Lemma 3.2, we have
n ¼ 3 and G ¼ Q16: We note that Q16=ZðQ16Þ ’ D8 and that AutðQ16Þ ¼
fyij j i 2 f1; 3; 5; 7g ðmod 8Þ; j 2 f0; 1; . . . ; 7g ðmod 8Þg; where yij 2 AutðQ16Þ
is deﬁned by yijðxÞ ¼ xi; yijðyÞ ¼ xjy and AutðQ16Þ induces the full
automorphism group of AutðD8Þ: From this we may assume that %R ¼
f%1; %x; x2; xyg and %U ¼ h %yi by Lemma 3.2. Hence R is a ð4; 4; 4; 1Þ-RDS
relative to hyi and we may assume that 1 2 R: As ZðGÞ ¼ hx4i; ZðGÞg \
R=f for any g 2 f1; x; x2; xyg: Since ZðGÞx ¼ fx; x5g and y50ðxÞ ¼ x5; y50
ðyÞ ¼ y; we may assume that x 2 R: It follows that R ¼ f1; x; x6; xyg
or f1;x; x6; x5yg: As f1; x; x6; xyg ¼ y30ðf1; x; x6; x5ygÞx2; the lemma
holds. ]
4. RDSs IN SD2n OR Mnð2Þ
In this section, we consider the case when G is isomorphic to the
semidihedral group SD2nþ1 or the modular 2-group Mnþ1ð2Þ and that G
contains a semiregular RDS relative to U:
Lemma 4.1. Let G ¼ SD2nþ1 ¼ hx; y j x2n ¼ y2 ¼ 1; y1xy ¼ x1z; z ¼ x2n1i
be the semidihedral group of order 2nþ1: Suppose R is a semiregular RDS in G
relative to U ¼ hyi ’ Z2: Put H ¼ hx2ið’ Z2n1Þ and R ¼ Aþ Bxþ Cyþ
Dxy; where A;B;C;D  H: Then the following hold:
(i) AA1 þ BB1 þ CC1 þDD1 ¼ 2n1 þ 2n1H;
(ii) AB1 þ CD1 þ ðA1Bþ C1DÞx2 ¼ 2n1H;
(iii) AC þ BDx2z ¼ 2n2 þ 2n2H; and
(iv) ðADþ BCÞð1þ zÞ ¼ 2n1H:
Up to equivalence we may assume that jAj ¼ 2n2  2ðn=2Þ1; jCj ¼ 2n2 þ
2ðn=2Þ1 and jBj ¼ jDj ¼ 2n2:
Proof. By computation, RR1 ¼ ðAþ Bxþ CyþDxyÞðA1 þ
x1B1 þ yC1 þ yx1D1Þ ¼ AA1 þ BB1 þ CC1 þDD1 þ ððAB1 þ
CD1Þx2 þ A1Bþ C1DÞxþ ð2AC þ 2BDx2zÞyþ ðADþ BCÞð1þ zÞxy:
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(i)–(iv) hold. Put a ¼ jAj; b ¼ jBj; c ¼ jCj; d ¼ jDj: Counting the coefﬁcients
of the identity element on both sides of (i),
aþ bþ cþ d ¼ 2n: ð4Þ
By (i)–(iv), we have
abþ cd ¼ 22n3; ð5Þ
acþ bd ¼ 2n2ð2n1  1Þ; ð6Þ
ad þ bc ¼ 22n3: ð7Þ
By (5) and (6), ðaþ dÞðbþ cÞ ¼ 22n2  2n2: This, together with (4), gives
faþ d; bþ cg ¼ f2n1  2ðn=2Þ1g: Changing R for Ry if necessary we may
assume that aþ d4bþ c: Hence
aþ d ¼ 2n1  2ðn=2Þ1; bþ c ¼ 2n1 þ 2ðn=2Þ1: ð8Þ
Similarly, by (5) and (7), ðaþ cÞðbþ dÞ ¼ 22n2: By (4),
aþ c ¼ bþ d ¼ 2n1: ð9Þ
By (8) and (9), ðb; c; dÞ ¼ ða 2ðn=2Þ1;aþ 2n1;aþ 2n1 þ 2ðn=2Þ1Þ:
Substituting this into (5), we have ða 2n2Þða 2n2 þ 2ðn=2Þ1Þ ¼ 0: It
follows that ða; b; c; dÞ ¼ ð2n2  2ðn=2Þ1; 2n2; 2n2 þ 2ðn=2Þ1; 2n2Þ or ð2n2;
2n2 þ 2ðn=2Þ1; 2n2; 2n2  2ðn=2Þ1Þ: Changing R for Rxy if necessary we may
assume that ða; b; c; dÞ ¼ ð2n2  2ðn=2Þ1; 2n2; 2n2 þ 2ðn=2Þ1; 2n2Þ: (We
note that this does not affect the inequality aþ d4bþ c:) ]
Lemma 4.2. Let notations be as in Lemma 4.1. Then the following hold:
(i) A1 [ C ¼ B1zx2 [D ¼ H and A1 \ C ¼ B1zx2 \D ¼ f;
(ii) AA1 þ BB1 ¼ 2n2 þ ð2n2  2ðn=2Þ1ÞH;
(iii) ðAB1 þ A1Bx2Þð1þ zÞ ¼ ð2n1  2n=2ÞH:
Proof. By Lemma 4.1(iii), A1 \ C ¼ B1zx2 \D ¼ f: Moreover,
jAj þ jCj ¼ jBj þ jDj ¼ jHj: Hence we have (i). By (i), C ¼ H  A1 and
D ¼ H  B1zx2: Substituting these into Lemma 4.1(i), we have (ii).
Similarly we have ðAB1x2zþ A1BÞð1þ zÞ ¼ ð2n1  2n=2ÞH by
Lemma 4.1(iv). Since zð1þ zÞ ¼ 1þ z; we have (iii).
One can easily verify that the converse of Lemma 4.2 is also true. ]
Lemma 4.3. Let G¼Mnþ1ð2Þ ¼ hx; y j x2n ¼ y2¼ 1; y1xy¼ xz; z¼ x2n1i
be the modular 2-group of order 2nþ1: Let R be a semiregular RDS in
YUTAKA HIRAMINE364G relative to a subgroup U of G: Then, up to equivalence one of the following
holds:
(i) n ¼ 3;R ¼ f1; x; x3; x2yg and U ¼ hy; zi ’ Z2  Z2:
(ii) U ¼ hyi:
Proof. We note that the subgroup generated by all involutions of G is
hy; zi and every subgroup of order at least 4 contains hzi: Moreover G=hzi is
abelian. Hence, if U is not normal in G; then U ¼ hyi or hyzi: As y and yz
are conjugate in G; we may assume U ¼ hyi: Thus (ii) holds. If U is normal,
then we have (i) by Result 2.3. ]
Lemma 4.4. Let notations be as in Lemma 4.3. Assume U ¼ hyi and put
R ¼ Aþ Bxþ CyþDxy; where A;B;C;D  H ¼ hx2i: The following hold :
(i) AA1 þ BB1 þ CC1 þDD1 ¼ 2n1 þ 2n1H;
(ii) AB1 þ CD1 þ ðA1Bþ C1DÞx2 ¼ 2n1H;
(iii) AC1 þ A1C þ ðBD1 þ B1DÞz ¼ 2n1 þ 2n1H; and
(iv) ðA1Dþ BC1Þx2 þ ðAD1 þ B1CÞz ¼ 2n1H:
Up to equivalence we may assume that jAj ¼ 2n2  2ðn=2Þ1; jCj ¼ 2n2 þ
2ðn=2Þ1 and jBj ¼ jDj ¼ 2n2:
Proof. By computation, RR1 ¼ ðAþ Bxþ CyþDxyÞðA1 þ x1B1þ
yC1 þ yx1D1Þ ¼ AA1 þ BB1 þ CC1 þDD1 þ ððAB1x2 þ A1Bþ
CD1ÞÞx2 þ C1DÞxþ ðAC1 þ BD1zþ A1C þ B1DzÞyþ ðAD1x2z
þBC1 þ B1Cx2zþ A1DÞxy:
On the other hand RR1 ¼ 2n þ 2n1ðH þHxþHyþHxy 1 yÞ:
Hence (i)–(iv) hold. ]
Put a ¼ jAj; b ¼ jBj; c ¼ jCj; d ¼ jDj: Counting the coefﬁcients of the
identity element on both sides of (i),
aþ bþ cþ d ¼ 2n: ð10Þ
By (i)–(iv) we have
abþ cd ¼ 22n3; ð11Þ
acþ bd ¼ 2n2ð2n1  1Þ; ð12Þ
ad þ bc ¼ 22n3: ð13Þ
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lemma.
Lemma 4.5. Let notations be as in Lemma 4.4. Then the following hold:
(i) A [ C ¼ B [Dz ¼ H and A \ C ¼ B \Dz ¼ f;
(ii) AA1 þ BB1 ¼ 2n2 þ ð2n2  2ðn=2Þ1ÞH; and
(iii) ðAB1 þ A1Bx2Þð1þ zÞ ¼ ð2n1  2n=2ÞH:
Proof. By Lemma 4.4(iii), A \ C ¼ B \Dz ¼ f: Moreover, jAj þ jCj ¼
jBj þ jDj ¼ jHj: Hence we have (i). By (i), C ¼ H  A and D ¼ H  Bz:
Substituting these into Lemma 4.4(ii) and (iii) we have (ii) and (iii) above.
One can easily verify that the converse of Lemma 4.5 is also true. ]
Conditions (ii) and (iii) in Lemma 4.5 are the same as that of Lemma 4.2.
In the following lemmas we will study these equations in detail.
Lemma 4.6. Let X ¼ hti be a cyclic group of order 22m1 with m52: Let
A and B be subsets of X that satisfy the following:
jAj ¼ 22m2  2m1; jBj ¼ 22m2; ð14Þ
AA1 þ BB1 ¼ 22m2 þ ð22m2  2m1ÞX ; ð15Þ
ðAB1 þ A1BtÞð1þ t22m2Þ ¼ ð22m1  2mÞX : ð16Þ
For each 22m1th root yð= 1Þ of unity, we define a character w of X
by wðtÞ ¼ y2: Set a ¼ wðAÞ and b ¼ wðBÞ: Then a ¼ 2m2ðyr  ysþ1Þ and
b ¼ 2m2ðyr1 þ ysÞ for some integers r and s:
Proof. Let zð¼ t22m2Þ be the unique involution of X : By (15) and (16),
a%aþ b %b ¼ 22m2; ð17Þ
a %bþ %aby2 ¼ 0: ð18Þ
Hence ðaþ byÞðaþ byÞ ¼ a%aþ b %by%yþ a %b%yþ %aby ¼ a%aþ b %b ¼ 22m2:
Thus
ðaþ byÞðaþ byÞ ¼ 22m2: ð19Þ
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24w42m 1: Then an ideal ð2Þ in the ring R ¼ Z½y has the factorization
ð2Þ ¼ ð1 yÞfð2wÞ (cf. [2]), where f is the Euler f-function and ð1 yÞ is a
unique prime ideal divisor of 2 in R: If we consider (19) as an equation for
ideals in R; then
ððaþ byÞÞððaþ byÞÞ ¼ ðð1 yÞÞfð2wÞÞ2m2 ¼ ð1 yÞfð2wÞð2m2Þ:
Hence ðaþ byÞ ¼ ð1 yÞfð2wÞð2m2Þ=2 ¼ ðð1 yÞfð2wÞÞm1 ¼ ð2m1Þ: It fol-
lows that aþ by ¼ 2m1t for an element t 2 Z½y: By (19), jtj ¼ 1: Let
s 2 GalðQðyÞ=QÞ and set a1 ¼ as; b1 ¼ bs; t1 ¼ ts; y1 ¼ ys: Then,
a1 þ b1y1 ¼ 2m1t1: ð20Þ
Let w1ð¼ wsÞ be a character of X deﬁned by w1ðtsÞ ¼ ðwðtsÞÞs: By a similar
argument to the one above, w1ðAÞ þ w1ðBÞw1ðtÞ ¼ 2m1t0 for an element t0 2
Z½y and jt0j ¼ 1: As w1ðAÞ ¼ ðwðAÞÞs; it follows that w1ðAÞ ¼ a1: Similarly,
w1ðBÞ ¼ b1 and w1ðtÞ ¼ y1: Hence t1 ¼ t0 and so jsðtÞj ¼ jt1j ¼ jt0j ¼ 1:
Therefore jtsj ¼ 1 for any s 2 GalðQðz22m1Þ=QÞ: By Kronecker’s theorem
(see [10, Result 1.2.8]), t ¼ yr for an integer r50: Thus
aþ by ¼ 2m1yr: ð21Þ
Substituting (21) into (17) gives b %b ¼ 2m2ðyr1 %bþ %yr1bÞ: From this,
ðyr1 %b 2m2Þðyr1 %b 2m2Þ ¼ 22m4: Hence,
ðb 2m2yr1Þðb 2m2yr1Þ ¼ 22m4: ð22Þ
By a similar argument as in (19), b 2m2yr1 ¼ 2m2ys for an integer s50:
Thus the lemma holds. ]
Lemma 4.7. Let notations be as in Lemma 4.6. Then ABht22m2i ¼
ð22m2  2m1ÞX :
Proof. By Lemma 4.6, a ¼ 2m2ðyr  ysþ1Þ and b ¼ 2m2ðyr1 þ ysÞ:
Since a ¼ wðAÞ 2 Qðy2ÞiQðyÞ; we either have r  sþ 1  0 ðmod 2Þ or
r  sþ 1  1 ðmod 2Þ:
Assume that the former holds. Since b; yr2 þ ys1 2 Qðy2Þ; y =2 Qðy2Þ and
b ¼ 2m2ðyr2 þ ys1Þy; we have b ¼ yr2 þ ys1 ¼ 0: On the other hand, if
the latter holds, then a ¼ 2m2ðyr1  ysÞy and a; yr1 þ ys 2 Qðy2Þ: By a
similar argument, we also have a ¼ yr1  ys ¼ 0: Hence wðABÞ ¼ ab ¼ 0:
As y2 is a 22m2th root of unity and y2=1; w can be regarded as an arbitrary
non-principal character of X=ht22m2i: By Result 2.4, ABht22m2i ¼ kH for an
integer k: Thus the lemma holds. ]
SEMIREGULAR RELATIVE DIFFERENCE SETS 367Lemma 4.8. Under the hypothesis of Lemma 4.6, we have m ¼ 2:
Proof. Let Q ¼ ht; yi be the generalized quaternion group deﬁned by
t2
2m1 ¼ y4 ¼ 1; y2 ¼ t22m2 ; y1ty ¼ t1: Set D ¼ Aþ By: Then DD1 ¼ A
A1 þ BB1 þ Ay1B1 þ ByA1 ¼ AA1 þ BB1 þ ABy1 þ By2Ay1 ¼
AA1 þ BB1 þ ABð1þ y2Þy: Hence we have DD1 ¼ 22m2 þ ð22m2 
2m1ÞX þ ð22m2  2m1ÞXy ¼ 22m2 þ ð22m2  2m1ÞQ by (15) and
Lemma 4.7. Thus D is an Hadamard difference set in Q: Set U ¼ hy2i ð’
Z2Þ: Since Q .U and Q=U is a dihedral group, we have jUj52m1
by of Result 2.2. This is possible only when m ¼ 2: Thus the lemma
holds. ]
By computer search we have the following.
Lemma 4.9. Under the hypothesis of Lemma 4.6, assume X ’ Z8
(i.e. m ¼ 2) and 1 2 A: Set A ¼ f1; tsg and B ¼ fta; tb; tc; tdg; where 14s4
4 and 04a4b4c4d47: Then s ¼ 2 and ða; b; c; dÞ is one of the
following:
ð0; 1; 2; 5Þ; ð0; 1; 3; 4Þ; ð0; 1; 4; 7Þ; ð0; 1; 5; 6Þ; ð0; 2; 3; 7Þ;ð0; 3; 4; 5Þ; ð0; 3; 6; 7Þ;
ð0; 4; 5; 7Þ; ð1; 2; 3; 6Þ; ð1; 2; 4; 5Þð1; 2; 6; 7Þ; ð1; 4; 5; 6Þ; ð2; 3; 4; 7Þ; ð2; 3; 5; 6Þ;
ð2; 5; 6; 7Þ; ð3; 4; 6; 7Þ:
Lemma 4.10. If a semidihedral group G contains a semiregular RDS R
relative to a subgroup U; then G ’ SD25 ¼ hx; y j x16 ¼ y2 ¼ 1; yxy ¼ x1z;
z ¼ x8i and GBU ’ Z2: Moreover R is equivalent to one of the following
RDSs Ri relative to hyi listed below:
(i) R1 ¼ 1þ x4 þ ð1þ x2 þ x4 þ x10Þxþ ðx2 þ x4 þ x6 þ x8 þ x10 þ
x14Þyþ ð1þ x8 þ x10 þ x14Þxy;
(ii) R2 ¼ 1þ x4 þ ð1þ x2 þ x6 þ x8Þxþ ðx2 þ x4 þ x6 þ x8 þ x10 þ
x14Þyþ ð1þ x4 þ x6 þ x14Þxy;
(iii) R3 ¼ 1þ x4 þ ð1þ x2 þ x8 þ x14Þxþ ðx2 þ x4 þ x6 þ x8 þ x10 þ
x14Þyþ ðx4 þ x6 þ x8 þ x14Þxy;
(iv) R4 ¼ 1þ x4 þ ð1þ x2 þ x10 þ x12Þxþ ðx2 þ x4 þ x6 þ x8 þ
x10 þ x14Þyþ ðx4 þ x6 þ x10 þ x12Þxy:
Proof. Let notations be as in Lemma 4.2. By Lemmas 4.2 and 4.8,
G ’ SD25 ;U ¼ hyi ’ Z2; jAj ¼ 2 and jBj ¼ 4: We may assume that 1 2 R
and so A ¼ f1;x2sg for some integer s ð14s47Þ: Set B ¼ fx2a; x2b;x2c; x2dg;
where a; b; c and d are integers such that 04a5b5c5d47: As Rx2a is
also an RDS we may assume s 2 f1; 2; 3; 4g: By Lemma 4.9, A ¼ f1; x4g and
YUTAKA HIRAMINE368Bx ¼ fx2aþ1; x2bþ1; x2cþ1; x2dþ1g; where ða; b; c; dÞ is one of the members
listed in Lemma 4.9.
Let si be an automorphism of SD25 deﬁned by siðxÞ ¼ xi; siðyÞ ¼ y;
where i is an odd integer. We note that s4kþ1ðAÞ ¼ A for k 2 f0; 1; 2; 3g and
sðRÞ is also a semiregular RDS relative to U: Hence one can easily check
that the following hold:
R 
R1 if ða; b; c; dÞ 2 fð0; 1; 2; 5Þ; ð0; 3; 6; 7Þ; ð1; 4; 5; 6Þ; ð2; 3; 4; 7Þg;
R2 if ða; b; c; dÞ 2 fð0; 1; 3; 4Þ; ð0; 4; 5; 7Þ; ð1; 2; 6; 7Þ; ð2; 3; 5; 6Þg;
R3 if ða; b; c; dÞ 2 fð0; 1; 4; 7Þ; ð0; 3; 4; 5Þ; ð1; 2; 3; 6Þ; ð2; 5; 6; 7Þg;
R4 if ða; b; c; dÞ 2 fð0; 1; 5; 6Þ; ð0; 2; 3; 7Þ; ð1; 2; 4; 5Þ; ð3; 4; 6; 7Þg:
8>><
>>:
Therefore the lemma holds. ]
Lemma 4.11. If a modular 2-group Gð¼Mnþ1ð2ÞÞ contains a semiregular
RDS relative to a subgroup U; then one of the following occurs:
(i) n ¼ 3 and G .U ’ Z2  Z2;
(ii) n ¼ 4;U ’ Z2 and GBU:
Proof. Set G ¼ hx; y j x2n ¼ y2 ¼ 1; y1xy ¼ xz; z ¼ x2n1i: Let R be a
semiregular RDS in G relative to a subgroup U: If U is normal, then we
have (i) by Result 2.3. Assume that U is not normal in G: We note that the
subgroup generated by all involutions of G is hy; zi and every subgroup of
order at least 4 contains hzi: Moreover G=hzi is abelian. Hence jUj ¼ 2 and
so U ¼ hyi or hyzi: As y and yz are conjugate in G; we may assume U ¼ hyi:
Applying Lemmas 4.5 and 4.8, we have (ii). ]
Lemma 4.12. If a modular 2-group G contains a semiregular RDS R
relative to a subgroup UDG; then G ¼M5ð2Þ ¼ hx; y j x16 ¼ y2 ¼ 1; yxy ¼
x1z; z ¼ x8i: Moreover R is equivalent to one of the following RDSs R0i
relative to hyi:
(i) R01 ¼ 1þ x4 þ ð1þ x2 þ x4 þ x10Þxþ ðx2 þ x6 þ x8 þ x10 þ
x12 þ x14Þyþ ð1þ x4 þ x6 þ x14Þxy;
(ii) R02 ¼ 1þ x4 þ ð1þ x2 þ x6 þ x8Þxþ ðx2 þ x6 þ x8 þ x10 þ x12 þ
x14Þyþ ðx2 þ x4 þ x6 þ x12Þxy;
(iii) R03 ¼ 1þ x4 þ ð1þ x2 þ x8 þ x14Þxþ ðx2 þ x6 þ x8 þ x10 þ
x12 þ x14Þyþ ðx2 þ x4 þ x12 þ x14Þxy;
(iv) R04 ¼ 1þ x4 þ ð1þ x2 þ x10 þ x12Þxþ ðx2 þ x6 þ x8 þ x10 þ
x12 þ x14Þyþ ð1þ x6 þ x12 þ x14Þxy:
SEMIREGULAR RELATIVE DIFFERENCE SETS 369Proof. Let notations be as in Lemma 4.5. By Lemma 4.11, G ¼
hx; y j x16 ¼ y2 ¼ 1; y1xy ¼ xz; z ¼ x8i and we may assume U ¼ hyi; jAj ¼
2j; jBj ¼ 4 and 1 2 R: Hence A ¼ f1; x2sg for some integer s ð14s47Þ and
B ¼ fx2a; x2b; x2c; x2dg; where a; b; c and d are integers such that 04a5b5
c5d47: As Rx2s is also an RDS we may assume s 2 f1; 2; 3; 4g: By
Lemma 4.9, A ¼ f1; x4g and Bx ¼ fx2aþ1; x2bþ1; x2cþ1; x2dþ1g; where ða; b; c
; dÞ is one of the members listed in Lemma 4.9. As the automorphism s4kþ1
2 AutðGÞ with k an integer deﬁned by s4kþ1ðxÞ ¼ x4kþ1; s4kþ1ðyÞ ¼ y leaves
A invariant, sðRÞ is also a semiregular RDS relative to U: Hence one can
easily check that the following holds:
R 
R01 if ða; b; c; dÞ 2 fð0; 1; 2; 5Þ; ð0; 3; 6; 7Þ; ð1; 4; 5; 6Þ; ð2; 3; 4; 7Þg;
R02 if ða; b; c; dÞ 2 fð0; 1; 3; 4Þ; ð0; 4; 5; 7Þ; ð1; 2; 6; 7Þ; ð2; 3; 5; 6Þg;
R03 if ða; b; c; dÞ 2 fð0; 1; 4; 7Þ; ð0; 3; 4; 5Þ; ð1; 2; 3; 6Þ; ð2; 5; 6; 7Þg;
R04 if ða; b; c; dÞ 2 fð0; 1; 5; 6Þ; ð0; 2; 3; 7Þ; ð1; 2; 4; 5Þ; ð3; 4; 6; 7Þg:
8>><
>>:
Thus the lemma holds. ]
We now prove the main theorem.
Proof of Theorem 1.1. If G ’ D2nþ1 or Q2nþ1 ; then one of (i), (ii) or (iii)
holds by Lemmas 3.2 and 3.3. If G ’ SD2nþ1 or Mnþ1ð2Þ; then by Lemmas
4.10–4.12 and Result 2.3 we have (iv), (v) or (vi). Thus the theorem holds. ]
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